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INTRODUCTION

Systems of ordinary differential equations (ODE&ar) be divided into two
classes, determined and underdetermined. The tddigs can be defined as a system of
m ODEs withn dependent variables where m. Systems of this sort are typically
encountered by control engineers. They attempéfimeln —m of the dependent
variables as functions of time in order force tistem to act in a specified way. When
the system of ODEs is linear, a number of methads & easily design control for the
system. However, when the system of ODEs is noatjrentrol design is much more
difficult and fewer design methods exist.

One method that has been developed to designotsoinewhat easily for
nonlinear systems exploits a property of such systenown as differential flatness. A
differentially flat system is a system of nonlin€dDEs whose solution curves are in a
smooth one-one correspondence with arbitrary curvasspace whose dimension
equalsr—m. Hence generating solution trajectories for tretey is simplified by
finding curves in a lower dimension that satisfy@dibions at the endpoints.

In this paper | provide an example of a differalhjiflat system and rigorously
define differential flatness. | relate differentildtness to feedback linearization. |
conclude with some general results of differerftethess and some remarks about
finding flat outputs for Lagrangian systems.

MOTIVATIONAL EXAMPLE

Suppose it is desired to control the rigid bodyhi@ vertical plane as pictured in
Figure 1. The set of ODEs defining this system is

mX, Sin@ + mX, cosd —mg cosd = F,

mX, cosd —mx, sind+mgsiné = —F,

16=-FR
which is nonlinear. The system is underdeterminetilo equations. The states of the
system arex;, X,,8 and the inputs aifg, F, .

One method to control this system is to assigmainialues tox,, x,,8 and their
derivatives and assigh, and F, as arbitrary functions of time. The system becomes
determined and evolves from a desired initial siatsome final state. However, it would
be difficult to determine the proper functions ferand F, that result in the evolution of
the system to a desired final value.

Another option to control the system is to simpttie problem by eliminatingdr,
from the first and third ODEs. This results in agte ODE in terms of the states only

m¥, sin@ + mx, cosd-mgcosf+ (1 /R)&=0



Figure 1 — Rigid body in the vertical plane.

which is also a nonlinear ODE. The system is gtillerdetermined by two equations. In
this case, initial conditions need to be assigedhly one of the states and its
derivative. The other two states are assignedrag stesired functions of time. Once the
solution for this ODE is obtained, then it can Isedito determiné, and F,. While this

method ensures that two of the states evolve esaetl way, the third state may not.
Again, it would be difficult to determine the praganctions for the two states that result
in the evolution of the third state to a desiredhfivalue.

One might ask if there exists a combination of tlependent variables such that
defining them as arbitrary functions of time wodlketermine the system and cause the
system to evolve as desired. The answer is no. Mervene can form a pair of variables
that are functions of the dependent variables hatddetermine the system without the
need of defining initial conditions. One such conation is

y, =% — (I /mR)cos@
Y, =X, +(I /mR)sing

wherey, andy, are called flat outputs. These can be thoughs @omponents of the

map from the system space to the smaller dimersgiane. In other words, defining two
new variables, which are functions of the dependgantbles, as arbitrary functions of
time determines the solutions for the system & tiependent variables. (Defining

and y, so that the system meets control requirementsesisised in a following section.)

DEFINITION OF DIFFERENTIAL FLATNESS

A system is said to kdifferentially flat or simplyflat if there exist variables
Vi Yem diven by an equation of the form
y =h(t,x, x,x",...,x*)
such that the original variables may be recovered from (locally) by an equation of
the form
x=gty, Y, y'y)
The variablesy,,...,y,_, are referred to as flat outputs. Whgrnis only a function of

time and the states the system is said tcob@guration flat, which is the case for the
preceding example.



TRAJECTORY GENERATION

Returning to the example, generating solutionsteéde the system from a desired
initial condition to a desired final value is rela@ly easy. Given the initial conditions and
final values for the states, their derivatives, #minputs, the values fgr, y, , and their

derivatives at the initial and final times can leeiimined. Then, one simply needs to
generate functions of time that satisfy theseahénd final conditions. It is interesting to
note that connecting any starting and ending poittie system is possible. Hence, flat
systems are controllable.

CONTROL SYSTEMSAND DIFFERENTIAL FLATNESS

When designing control for nonlinear systems, simally it is possible to
transform the states in such a way that the cosyrstiem can be expressed in a linear
form. These systems are said to be feedback lired@a. It has been proven that a
specific version of feedback linearizability is @glent to differential flatness. Thus,
there are potentially two ways to approach cordeslign for certain nonlinear systems.
One could use the feedback linearizability propeftthe system or to use the flatness
property of the system.

RESULTSFROM DIFFERENTIAL FLATNESS

There do not exist general conditions that clgss$ystem as flat or not. Also,
there do not exist general conditions for deterngrthe flat outputs of a differentially
flat system. However, some specific propertiesxistdor flat systems. All controllable
linear or state feedback linearizable systems idfierentially flat. Differentially flat
systems permit a transformation of the system shatthe EOMs for the flat output
variables become trivial. A performance index f@ayatem can be approximated and
transformed into a function of the flat outputs.

Lagrangian systems have been studied in detaildoress and catalog exists
detailing which types of Lagrangian systems are Tlhe results of this study have
revealed properties of these systems that indftateess. A common feature of rigid
bodies withS' symmetry is that they evolve on manifolds whichsist of, or include, a
Lie group as part of the configuration space. Asotommon feature of rigid bodies
with S' symmetry is that the flat outputs “break” symnegtrbecause if the output is
invariant with respect to some action, then theiomodf the system can only be retrieved
up to an initial choice of the group variable.

Another Lagrangian system that is flat is the exyswith three rigid bodies
connected in a chain. This particular system ahdrstare flat if certain parameters of
the system are defined appropriately. A numbettloéromechanical systems are
differentially flat and papers have been writteplaming what the flat outputs are for
those systems.



CONCLUSIONS

Nonlinear systems that have the property of cffidial flatness are relatively
easy to control. Perhaps the most difficult pamiging differential flatness is determining
the flat outputs. Structural information contained.agrange’s equations can be
exploited to determine is a system is flat and b@Wnd the flat outputs. While finding
the flat outputs may be difficult, geometry canused to aid in this task.
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